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QUANTIZATION OF LAX INTEGRABLE SYSTEMS
AND CONFORMAL FIELD THEORY
O.K.SHEINMAN
Abstract. We present the correspondence between Lax integrable systems with
spectral parameter on a Riemann surface, and Conformal Field Theories, in quite
general set-up suggested earlier by the author. This correspondence turns out to give
a prequantization of the integrable systems in question.
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1. Introduction
We address here the following problem: given a Lax integrable system with a spec-
tral parameter on a Riemann surface, to construct a unitary projective representation
of the corresponding Lie algebra of Hamiltonian vector fields. For the Lax equations in
question, we propose a way to represent Hamiltonian vector fields by covariant deriva-
tives with respect to the Knizhnik–Zamolodchikov connection. This is a Dirac-type
prequantization from the physical point of view. As well, this establishes a correspon-
dence between Lax integrable systems and Conformal Field Theories.
The idea of quantization of Hitchin systems by means of the Knizhnik–Zamolodchikov
connection was addressed, or at least mentioned, many times in the theoretical physics
literature (D.Ivanov [7], G.Felder and Ch.Wieczerkowski [4], M.A.Olshanetsky and
A.M.Levin [15, 16]) but only the second order Hamiltonians have been involved. In
[19] such relation was observed for all Hamiltonians, and, moreover, for all classical ob-
servables of the Hamiltonian systems given by the Lax equations in question. The ob-
servation was based on the theory of Lax integrable systems with spectral parameter on
a Riemann surface, originally due to I.Krichever [12] and later developed in [14, 20, 21],
and on the global operator approach to quantization of strings [9, 10, 11, 18, 17, 20].
The proof of unitarity in [19] relied on the Poincare´ theorem on absolute invariants
(see Section 6 below).
Though I revised [19] twice [20, 21], I was never satisfied with its presentation. In
this paper, taking account of recent developments on spectral curves of Hitchin systems
1
2[23, 24], and of results by M.Schlichenmaier on almost graded structures on multipoint
Krichever–Novikov algebras and modules over them ([17] and references therein), I do
the next attempt. Compared to previous ones, I have restricted myself with the Lax
systems whose spectral curves admit holomorphic involutions. It is a particular class,
though broad enough (see Section 3 for the discussion). For the beginning it seemed
to be a technical restriction, but systematic usage of an involution on the spectral
curve finally enabled me to better relate the present subject to the above mentioned
Krichever–Novikov works on the operator quantization of string [9, 10, 11], and to the
results due to Schlichenmaier on almost graded structures [17].
Other approaches to quantization of integrable systems (mainly, Hitchin systems)
include geometric quantization (N.Hitchin [6], J.E.Andersen), Berezin–Toeplitz and
deformation quantizations (J.E.Andersen, M.Schlichenmaier), quantum integrable sys-
tems (B.Feigin and E.Frenkel [2], A.Beilinson and V.Drinfeld [1], A.P.Veselov, A.N.Se-
rgeev, G.Felder, M.V.Feigin). Compared to those approaches, we to a greater extend
exploit the Lax nature of the integrable systems in question. The relation of our ap-
proach to the one of Hitchin is the same as the relation of the Knizhnik–Zamolodchikov
connection to the Hitchin connection. Compared to quantum integrable systems, we
prequantize the whole algebra of observables rather than any commutative subalgebra
of it.
The present paper is a revised version of the talk by the author at the conference
”Homotopy algebras, deformation theory and quantization”, S.Banach International
Mathematical Center, Bedlewo, Poland, 2018. The author is grateful to the organizers
for the invitation and for an excellent opportunity to revisit the subject. I am deeply
grateful to the referee of my contribution to Proceedings of the conference for valuable
(though, anonymous) discussion.
2. Lax integrable systems with a spectral parameter on a Riemann
surface
The long term development of the theory of Lax integrable systems with a finite
number of degrees of freedom suggests the following general description of their struc-
ture.
We start with a quadruple {Σ,Π, g, V } where Σ is a Riemann surface, Π ⊂ Σ is a
finite set of marked points, g is a semi-simple Lie algebra over C, V is its faithful module.
Let G be the Chevalley group corresponding to the pair {g, V } [25], Π = {P1, . . . , PN}.
Given such quadruple, we define first the space of flag configurations. By a flag
configuration, we mean
1) an ordered set of points Γ = {γs ∈ Σ | s = 1, . . . , K} (mutually distinct with
P -points).
2) the set of corresponding flags Fs, s = 1, . . . , K in V .
By the space of flag configurations we mean the set of all flag configurations with
the same K, such that Fs and F
′
s belong to the same G-orbit in the corresponding flag
space for every s = 1, . . . , K.
We think of the flags Fs as of ”located at the points γs”:
Given a flag configuration, we define the corresponding Lax operator algebra.
For every s we define a filtration {0} ⊆ gs,−ks ⊆ . . . ⊆ gs,i ⊆ gs,i+1 ⊆ . . . gs,ks = g in
g given by gs,iFs,j ⊆ Fs, i+j for all j.
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Figure 1. Base curve with a given flag configuration
Definition 2.1. The linear space L defined by
1◦ L ⊂Mer(Σ→ g) ∩H0(Σ \ (Π ∪ Γ))
2◦ ∀L ∈ L, ∀s = 1, . . . , K, the Laurent expansion of L in the neighborhood of γs
has the form
Ls(z) =
∞∑
i=−ks
Ls,iz
i
where Ls,i ∈ gs,i ∀i, z is a local coordinate in the neighborhood of γs,
supplied with the structure of point-wise commutator is called a Lax operator algebra.
Thus we obtained a sheaf of Lax operator algebras over the space of flag configura-
tions. We denote it by L also.
Let D be a non-negative divisor supported at Π: D = m1P1 + . . . +mNPN where
m1, . . . , mN ≥ 0. Let L
D = {L ∈ L | (L)+
K∑
s=1
ksγs+D ≥ 0}. Obviously, L
D is a finite
rank subsheaf in L (observe that, by definition, ks ≥ 0). A point of the total space of
the sheaf is given by a pair {{γs, Fs}, L} where {γs, Fs} is a flag configuration repre-
senting a point of the base, L is a meromorphic function satisfying the requirements
in Definition 2.1, representing a point of the fibre over {γs, Fs}. The group G operates
on the total space of the sheaf LD as follows: g{{γs, Fs}, L} = {{γs, gFs}, gLg
−1}. In
particular, G operates on the base by rotation of flags leaving the corresponding points
to be fixed.
Definition 2.2. The quotient of the total space of the sheaf LD by the just defined
G-action serves as a phase space of the dynamical system we are going to define. Let
this space be denoted by PD. Thus PD = LD/G.
The dynamics on the phase space will be given by means of a Lax equation. It is
our next step to introduce it.
By Lax operator we mean the map of the total space of the sheaf LD to Mer(Σ →
gl(V )) given by {{γs, Fs}, L} → L, i.e. the map forgetting the base component of a
point in LD. Taking account of G-equivariance of that map, we regard to L as to a
function on the phase space. In abuse of notation, we will denote the Lax operator
by L.
We introduce the sheaf M similarly to L with the following distinction. In the
Definition 2.1, we replace L with M, L with M , and the item 2◦ with the following
requirement:
Ms(z) =
νhs
z
+
∞∑
i=−k
Ms,iz
i
4where Ms,i ∈ gs,i for i < 0, Ms,i ∈ g for i ≥ 0, ν ∈ C, hs is the unique semi-simple
element leaving invariant the filtration {gs,i} and such that ad hs|gs,i/gs,i+1 = i · id.
Further on, we introduce the sheaf MD, and the forgetting map on it similarly to LD.
By M-operator we call the forgetting map on MD, and denote it by M .
The equation
(2.1) L˙ = [L,M ]
where L˙ = dL/dt, is called the Lax equation. This is a system of ordinary differential
equations for the dynamical variables including h and the parameters of the principal
parts of the meromorphic functions L and M at the points in Π and Γ.
For this system to be closed, it is necessary to give M as a function of L, see [21, 20].
3. Conformal field theory related to a Lax integrable system
By conformal field theory (CFT) we mean a family of Riemann surfaces, a finite
rank bundle (of conformal blocks) on this family, and a projectively flat connection
on this bundle (c.f. [5]). Conventionally, a moduli space of Riemann surfaces with
marked points is considered as such family. The principal idea is that they invent a
conformal structure on the Riemann surface to make use of advantages of complex
algebraic geometry and calculus, and a flat connection on the space of all conformal
structures to make the results independent of the choice of any of them. Instead, we
consider here the family of spectral curves (figure 2 below) over the phase space PD of
the integrable system defined in the previous section.
For every L ∈ PD the curve ΣL given by the equation det(L(z)− λ) = 0 is called a
spectral curve of L. It is a n-fold branch covering of Σ where n = dimV .
Thus we have obtained a family of Riemann surfaces over PD. We may identify this
family with PD itself.
The conformal field theory we are going to associate with a given integrable system
is not of general type. It will be a Wess–Zumino–Novikov–Witten model, which means
that there are two (sheaves of) algebras called gauge and conformal algebras, resp., a
sheaf of vacuum modules over them, the sheaf of conformal blocks is a certain quotient
of the last, and the connection is of Knizhnik–Zamolodchikov type (c.f. [26, 17, 20]).
We choose the algebra AL of Krichever–Novikov functions on ΣL as a gauge algebra
at a point L. Let ΠL denote the full preimage of Π on ΣL. AL is defined as the
algebra of all meromorphic functions on ΣL, holomorphic except at the points in ΠL.
We regard AL as an associative algebra, as well as a commutative Lie algebra.
As a conformal algebra, we choose the Lie algebra VL of Krichever–Novikov vector
fields on ΣL. By that, we mean meromorphic vector fields, holomorphic except at the
points in ΠL. We refer to [17, 20] for a detailed presentation of Krichever–Novikov
algebras. With every representation of ΠL as a disjoint union of two subsets InL and
OutL one can associate a structure of almost graded algebras (Lie algebras, resp.) on
AL and VL, i.e. represent each of them as a direct sum of subspaces
AL =
∞⊕
i=−∞
AL,i, VL =
∞⊕
j=−∞
VL,j
5where dimAL,i < ∞, dimVL,j < ∞ for all i, j, and there exist M,M
′ ∈ Z+ (indepen-
dent of i, j) such that
AL,iAL,j ⊆
i+j+M∑
m=i+j
AL,m, [VL,i,VL,j] ⊆
i+j+M ′∑
m=i+j
VL,m.
This enables us to speak of vacuum modules (representations) of those algebras. By
that, we mean that the module is generated by an element (the vacuum) annihilated
by any of the subspaces AL,i, i > 0 (VL,j, j > 0, resp.).
Given a splitting ΠL = InL ∪ OutL, we also can define a bases in A and V, called
Krichever–Novikov bases. A basis element in A (V, resp.) is given by a point P ∈ InL
and an integer i called a degree of the element; we denote it by AL,P,i (VL,P,i, resp.). Up
to a normalization, the AL,P,i (VL,P,i, resp.) is determined by its orders at the points in
Π (see details in [10, 17, 20]). The basis elements of a given degree i and all P ∈ InL
form a base in AL,i (VL,i, resp.). More generally, one can define the Krichever–Novikov
base in the space of λ-forms on ΣL for any half-integer λ as well.
From now on we assume that ΣL admits a holomorphic involution σL, σLΠL = ΠL,
and σLInL = OutL. In particular, the numbers of elements in InL and OutL are equal.
The almost graded structures possessing the last property are especially natural. We
refer to [17] for their description.
An involution on the spectral curve comes either from the underlined Lie algebra or
from the base curve. The examples of the first type include, among others, Hitchin
systems with gauge groups SO(2n), SO(2n + 1), Sp(2n). In this case the involution
permutes the branches of the spectral curve corresponding to the characteristic roots
of opposite signs. The examples of the second type include Hitchin systems with the
gauge group GL(n), on a hyperelliptic curve, with Π invariant with respect to the
hyperelliptic involution.
Given a splitting ΠL = InL∪OutL, by the dual splitting we mean the splitting where
the sets InL and OutL are inverted. The corresponding gradings are called inverse
gradings [17]. The gauge and conformal algebras corresponding to the inverse grading
are denoted by A∗L and V
∗
L, resp. The involution σL induces two isomorphisms of the
almost graded algebras (Lie algebras, resp.): σL : AL → A
∗
L and σL : VL → V
∗
L.
As a vacuum module at the point L ∈ P we choose a semi-infinite wedge space FL =
∧∞/2FL for an almost graded module FL over both AL and VL [3, 8, 10, 17]. For the
last we have a certain selection. The cases described in greater detail are the modules
of λ-forms on a Riemann surface (on the spectral curve in our case) [10, 17], and, more
generally, modules of sections of holomorphic bundles on the Riemann surface [20].
Together with a pair consisting of an almost-graded module FL and its semi-infinite
wedge space FL, we will always consider the dual pair of modules consisting of the
contragredient module F ∗L to the module FL, and its semi-infinite wedge space F
∗
L.
For instance, for the module of λ-forms with the almost-grading given by a certain
splitting, the dual module is the space of (1− λ)-forms with the almost-grading given
by the dual splitting. The Krichever–Novikov bases for modules can be defined as well.
For the modules of λ- and (1 − λ)-forms they turn out to be dual with respect to the
pairing given by (ωλ, ω1−λ) =
∑
P∈In resP ωλ · ω1−λ. The sum over In can be replaced
with the sum over Out with simultaneous change of sign. The pairing between the
corresponding semi-infinite degree modules will be defined in Section 6.
6Next we briefly outline the Sugawara construction enabling us to turn any projective
vacuum A-module to the corresponding V-module. Here we use a ”commutative”
version of the Sugawara construction (see [10, 18, 20, 17] for details).
Let {AL,P,i | P ∈ InL, i ∈ Z} be the Krichever–Novikov base in AL, {ω
j
L,P | P ∈
InL, j ∈ Z } be the dual base of 1-forms on ΣL (also assumed to be meromorphic and
holomorphic outside ΠL) with respect to the paring 〈A, ω〉 =
∑
Q∈OutL
resQAω. Given a
vacuum representation F of the algebra A, let u(A) be the representation operator of
an element A ∈ A. Define the energy–momentum tensor E as follows:
E = 1/2
∞∑
i,j=−∞
∑
P,P ′∈InL
:u(AL,P,i)u(AL,P ′,j): ω
i
L,Pω
j
L,P ′
where the colon brackets mean a normal ordering (:u(AL,P,i)u(AL,P ′,j): = u(AL,P,i)u(AL,P ′,j)
for i ≤ j, and :u(AL,P,i)u(AL,P ′,j) : = u(AL,P ′,j)u(AL,P,i) for i > j, except for a finite
number of negative values of i, j). E is an operator-valued quadratic differential on Σ.
For every v ∈ V we define
T (v) = ν ·
∑
Q∈OutL
resQ(E · v),
where ν is a normalization constant.
Theorem 3.1. The map T : v → T (v) is a projective representation of VL:
T ([v, v′]) = [T (v), T (v′)] + η′(v, v′) · id,
(η′ being a 2-cocycle on VL) related to the representation u of AL as follows: for any
v ∈ VL, A ∈ AL
[T (v), u(A)] = u(∂vA).
T is called the Sugawara representation.
4. Conformal blocks and projectively flat connection
Let X be a tangent vector to PD at a point L. Consider a deformation of the
complex structure of the corresponding spectral curve in the direction of X . It is
given by a Kodaira–Spencer class in H1(ΣL, TΣL) where TΣL is a tangent sheaf on
ΣL. The cocycle ρL(X) representing this class is defined as follows. We consider
the family of gluing functions (giving a complex smooth structure on spectral curves)
defined in a union of annuli with the ”centers” at the points in OutL. We denote such
gluing function by dL. Regarding dL as a diffeomorphism of the union of annuli, we
set ρL(X) = d
−1
L ∂XdL. Apparently, ρL(X) is a local vector field in the union. The
situation near one of the points QLj ∈ OutL is illustrated at Figure 2.
It is shown in [18, 20] that the Kodaira–Spencer cocycle can be represented by
a Krichever–Novikov vector field on ΣL, and the ambiguity in that representation
is compensated by passing to the sheaf of conformal blocks (to be defined below).
According to that, below we consider ρL(X) as an element of the space V
reg
L \VL/V
+
L
where V+L is the direct sum of homogeneous subspaces in VL of nonnegative degrees,
and VregL ⊂ VL is the subspace of vector fields vanishing at the points in OutL. Both
these subspaces are Lie subalgebras in VL.
Let FL be a vacuum module of the type discussed in the previous section.
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Figure 2. Family of spectral curves over the phase space
As soon as ρL(X) is a Krichever–Novikov vector field, we consider T (ρL(X)) where
T is the Sugawara representation, and then define the operators
∇X = ∂X + T (ρL(X)).
Next, we consider the sheaf of AL-modules FL on P
D. Let AregL ⊂ AL be the
subalgebra of functions regular at the points in OutL. The sheaf C of quotient spaces
FL/A
reg
L FL on P
D is called the sheaf of coinvariants, or the sheaf of conformal blocks
in another terminology. Together with the sheaf C we will consider the sheaf C∗ of
dual conformal blocks which corresponds to the dual module F∗L and the algebra A
∗reg
L .
Thus, by definition
C = FL/A
reg
L FL, C
∗ = F∗L/A
∗reg
L F
∗
L.
Theorem 4.1 ([18, 20, 17]). The operators ∇X define a projective flat connection ∇
on the sheaf of coinvariants, in particular
[∇X ,∇Y ] = ∇[X,Y ] + λ(X, Y ) · id
where λ is a cocycle on the Lie algebra of tangent vector fields on PD, id is the identity
operator.
In [18, 17, 20] Theorem 4.1 is formulated and proved for the conformal field theory
on the moduli space of curves with marked points and fixed, up to a certain order, jets
at those points. We claim that here (as well as in [20]), the situation is completely
similar, and the same proofs are working. Due to this analogy, we call the projective
flat connection defined by Theorem 4.1, the Knizhnik–Zamolodchikov connection.
The horizontal sections of the Knizhnik–Zamolodchikov connection are also called
conformal blocks.
5. Quantization of commuting Hamiltonians
Now we are going to introduce a symplectic structure on PD following the lines of
[12, 20, 21].
8Let Ψ be the GL(V )-valued function on Σ diagonalizing L:
ΨL = KΨ
where K is the diagonal matrix formed by the eigenvalues of L. Ψ is defined modulo
permutations of its rows. Let δL, δΨ and δK denote the external differentials of L, Ψ
and K, respectively, considered as functions on PD.
Let Ω be a 2-form on PD taking values in the space of meromorphic functions on Σ,
defined by the relation
Ω = tr(δΨ ∧ δL ·Ψ−1 − δK ∧ δΨ ·Ψ−1).
Ω does not depend on the order of the eigenvalues, hence it is well-defined.
Fix a holomorphic differential ̟ on Σ and define a scalar-valued 2-form ω on LD by
the relation
ω = −
1
2
(
K∑
s=1
resγs Ω̟ +
∑
P∈ΠL
resP Ω̟
)
.
There is another representation for Ω:
(5.1) Ω = 2δ tr
(
δΨ ·Ψ−1K
)
which implies that ω is apparently closed.
Theorem 5.1 ([12]). ω is a symplectic form on PD.
We call it Krichever–Phong symplectic form [12, 13].
Possessing a symplectic structure on PD, for any f ∈ C∞(PD) we can consider
the corresponding Hamiltonian vector field Xf . The correspondence f → Xf is a
homomorphism of the Poisson algebra of classical observables of the Lax integrable
system to the Lie algebra of Hamiltonian vector fields on PD.
By Theorem 4.1, X → ∇X is a projective representation of the Lie algebra of all
smooth vector fields on PD in the space of sections of the sheaf of covariants. Denote
this representation by ∇. The restriction of ∇ to the subalgebra of Hamiltonian vector
fields gives the projective representation of the last, hence of the Poisson algebra of all
classical observables.
Theorem 5.2 ([19, 20, 21]). If X, Y are Hamiltonian vector fields such that their
Hamiltonians Poisson commute then [∇X ,∇Y ] = λ(X, Y ) · id. If the Hamiltonians
depend only on action variables, then [∇X ,∇Y ] = 0.
Proof. The first assertion immediately follows from Theorem 4.1 since [X, Y ] = 0.
Coming to the second assertion, observe that for a Lax equation the spectral curve
is an integral of motion (more precisely, the coefficients of its equation are integrals).
This means that if X is a Hamiltonian vector field such that its Hamiltonian depends
only on the action variables then the complex structure, hence the transition functions,
are invariant along the phase trajectories of X . Denote by dL the transition function
over L. By its invariance ∂XdL = 0, hence ρL(X) = d
−1
L ∂XdL = 0, and ∇X = ∂X . Let
HX , HY be Hamiltonians depending only on the action variables. Then [∇X ,∇Y ] =
[∂X , ∂Y ] = ∂[X,Y ], and [X, Y ] = 0. This implies the commutativity of ∇X , ∇Y . 
96. Unitarity
A goal of the section is to define an Hermitian scalar product in the space of sections
of the sheaf C, such that the operators ∇X become skew-Hermitian for all Hamiltonian
vector fields X on PD. For this purpose, we first introduce a point-wise pairing of
covariants, and then integrate it over the phase space PD by an invariant volume form.
Over every point L ∈ PD we introduce an Hermitian pairing between FL and F
∗
L by
setting (
fi1 ∧ . . . ∧ fik ∧ fik+1 . . . | f
∗
j1 ∧ . . . ∧ f
∗
jk
∧ f ∗jk+1 . . .
)
L
:= δi1j1 . . . δinjn
where {fi}, {f
∗
j } are dual Krichever–Novikov bases in FL and F
∗
L, respectively, n is the
number of the exterior cofactor after which both semi-infinite monomials stabilize, δij
is the Kronecker symbol. We refer to the end of Section 3 for definitions and notation.
In abuse of notation, let a linear operator σL : FL → F
∗
L be defined by
σL : fi1 ∧ . . . ∧ fik ∧ fik+1 . . .→ f
∗
i1
∧ . . . ∧ f ∗ik ∧ f
∗
ik+1
. . . .
Then
(6.1) 〈φ1, φ2〉L = (φ1|σLφ2)L, φ1, φ2 ∈ FL
gives a non-degenerate Hermitian bilinear form on FL.
For the reason {fj} and {f
∗
j } are dual Krichever–Novikov bases in the modules FL
and F ∗L, respectively, the scalar product (6.1) is the same as introduced in [10] for an
arbitrary genus and the sets In, Out consisting of one point each (the two-point case).
A generalization for the multipoint case, as well as for another appropriate paring
defined in [11], is given in [17, Section 7.5]. The genus zero, two-point case has been
considered in [8].
In the two-point case, for an arbitrary genus, it is stated in [10] that the Sugawara
operators T (v) defined in Section 3 are Hermitian with respect to (6.1) (a similar
statement for a different pairing is formulated in [11]). There is no reason why it could
be different in the multipoint case. However, we will formulate this as a
Conjecture. The Sugawara operators T (v) defined in Section 3 are Hermitian with
respect to (6.1).
In course of the proof of the Theorem 6.1 below we prove, in particular, that 〈·, ·〉L
gives a well-defined point-wise scalar product on coinvariants.
Given a pair of sections s1, s2 of the sheaf C define their scalar product by
(6.2) 〈s1, s2〉 =
∫
PD
〈s1, s2〉L
ωp
p!
, p =
1
2
dimPD.
Let L2(C, ωp/p!) be the space of quadratically integrable sections of the sheaf C with
respect to the symplectic volume on PD.
Theorem 6.1. For every Hamiltonian vector field X on PD the operator ∇X in the
subspace of smooth sections in L2(C, ωp/p!) is skew-Hermitian with respect to the scalar
product (6.2).
Remark. We state this modulo the above conjecture.
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Proof. First we will prove that the point-wise scalar product on FL is well-defined on
coinvariants. We rely on the fact that FL is a module of semi-infinite wedge forms,
and the different quasihomogeneous almost-graded components of the such module are
orthogonal. The point-wise coinvariants are defined as FL/A
reg
L FL. The degrees of
monomials occuring in the subspace AregL FL (including summands in linear combina-
tions) are obviously less then those of monomials which form coinvariants. Hence these
spaces of monomials are orthogonal. For this reason the induced scalar product on the
quotient does not depend on the choice of representatives in the equivalence classes,
and we get a well-defined point-wise scalar product on coinvariants.
Next, we will show that the involution σL induces an antiinvolution on Hamiltonian
vector fields on PD. Indeed, the symplectic form is antiinvariant with respect to the
involution σL. For the involutions permuting the branches of the characteristic equa-
tion, as discussed in Section 3, we have σL : K → −K in (5.1) which obviously implies
σL : Ω→ −Ω. For the involutions coming from the hyperelliptic involution on the base
the claim is also true for the reason that one of the hyperelliptic coordinates changes
its sign [23]. Besides, the involution is an automorphism of the spectral curve, hence
it leaves Hamiltonians invariant. This means that the involution turns a Hamiltonian
equation ξ˙ = {H, ξ} to ξ˙ = −{H, ξ} which can be regarded as change of sign of the
Hamiltonian, or inversion of time. All in all, the involution takes a Hamiltonian tra-
jectory to the Hamiltonian trajectory with inverse time. On the Hamiltonian vector
fields it results in the antiinvolution v → −v.
For a local vector field X on PD, by ∂X we mean the corresponding derivative of
local smooth sections of the sheaf C. If X is a Hamiltonian vector field then ∂X is
skew-Hermitian with respect to the pairing (6.2). Indeed, by Poincare´ theorem, the
symplectic form and its degrees are absolute integral invariants of Hamiltonian phase
flows. Hence ωp/p! defines an invariant volume form with respect to Hamiltonian
phase flows which implies ∂∗X = −∂X (where the upper star denotes the Hermitian
conjugation with respect to the pairing (6.2)).
By the above conjecture (proven in [10] for the two-point case and arbitrary genus)
T (v) is Hermitian with respect to (6.1) for all v ∈ VL. For v = ρ(X) this reads
as T (ρ(X))∗ = T (σL(ρ(X))). Since for every L both involutions v → σL(v) and
X → −X are induced by the same global automorphism σL of the corresponding
spectral curve, they commute with the Kodaira–Spencer mapping. For v = ρ(X) this
implies σL(ρ(X)) ≡ ρ(−X)modV
∗reg
L , hence T (ρ(X))
∗ = −T (ρ(X)).
All together,
(∂X + T (ρ(X))
∗ = −(∂X + T (ρ(X)),
i.e.
(∇X)
∗ = −∇X ,
as required. 
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